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Äëÿ ïëîñêîñòè Ëîáà÷åâñêîãî�Ãàëèëåÿ ââîäÿòñÿ êàíîíè÷åñêèå ïðåäñòàâëåíèÿ, èíäóöèðîâàííûå

õàðàêòåðàìè ìóëüòèïëèêàòèâíîé ãðóïïû àëãåáðû äóàëüíûõ ÷èñåë, îíè ðàçëàãàþòñÿ

íà íåïðèâîäèìûå

Â íàñòîÿùåé ðàáîòå ìû ââîäèì äëÿ ïëîñêîñòè Ëîáà÷åâñêîãî�Ãàëèëåÿ êàíîíè÷åñêèå
ïðåäñòàâëåíèÿ, èíäóöèðîâàííûå õàðàêòåðàìè ìóëüòèïëèêàòèâíîé ãðóïïû àëãåáðû
äóàëüíûõ ÷èñåë, ìû ðàçëàãàåì èõ íà íåïðèâîäèìûå ñîñòàâëÿþùèå, ðóêîâîäñòâóÿñü
ñõåìîé èçó÷åíèÿ êàíîíè÷åñêèõ ïðåäñòàâëåíèé äëÿ êëàññè÷åñêîé ïëîñêîñòè Ëîáà÷åâñêîãî,
ñì. [5]. Íàäãðóïïîé ñëóæèò ãðóïïà Ëàãåððà SL(2,Λ), ñì. [4].

Ïðèâåäåì íåêîòîðûå ñâåäåíèÿ îá àëãåáðå äóàëüíûõ ÷èñåë è ïëîñêîñòè Ëîáà-
÷åâñêîãî�Ãàëèëåÿ èç [4] è [2].

Àëãåáðà Λ äóàëüíûõ ÷èñåë åñòü äâóìåðíàÿ àëãåáðà íàä ïîëåì R, ñîñòîÿùàÿ
èç ýëåìåíòîâ z = x+jy, x, y ∈ R, ñ ñîîòíîøåíèåì j2 = 0. ×èñëîì, ñîïðÿæåííûì
äóàëüíîìó ÷èñëó z = x+jy, íàçûâàåòñÿ ÷èñëî z = x−jy. Àáñîëþòíàÿ âåëè÷èíà
|z| ÷èñëà z åñòü

√
zz = |x|. Ìóëüòèïëèêàòèâíàÿ ãðóïïà Λ∗ àëãåáðû Λ ñîñòîèò

èç äóàëüíûõ ÷èñåë z = x + jy, äëÿ êîòîðûõ x 6= 0. Ìû áóäåì ðàññìàòðèâàòü

1Ðàáîòà ïîääåðæàíà Ãîñçàäàíèåì Ìèíîáðíàóêè 1.3445.2011, ÔÖÏ "Íàó÷íûå è íàó÷íî-

ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè" 14.740.11.0349
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ñëåäóþùèå õàðàêòåðû (îäíîìåðíûå ïðåäñòàâëåíèÿ â ãðóïïó C∗) z 7→ zµ,ν , ãäå
µ, ν ∈ C, ãðóïïû Λ∗:

zµ,ν = |x|µ · exp
(
ν
y

x

)
(1)

(çàìåòèì, ÷òî ïðîèçâîëüíûé õàðàêòåð ãðóïïû Λ∗ èìååò íåñêîëüêî áîëåå îáùèé
âèä: îí ïîëó÷àåòñÿ èç óêàçàííîãî äîáàâëåíèåì ìíîæèòåëÿ (sgnx)ε, ãäå ε = 0, 1,
îäíàêî, â íàñòîÿùåé ðàáîòå äëÿ ïðîñòîòû ìû îãðàíè÷èìñÿ õàðàêòåðàìè (1)).

Ïëîñêîñòü Ëîáà÷åâñêîãî�Ãàëèëåÿ L åñòü ìíîæåñòâî íà ïëîñêîñòè Λ, çàäàâàåìîå
íåðàâåíñòâîì zz < 1. Ýòî � âåðòèêàëüíàÿ ïîëîñà, îãðàíè÷åííàÿ ïðÿìûìè x =
−1 è x = 1.

Ãðóïïà G äâèæåíèé ïëîñêîñòè Ëîáà÷åâñêîãî�Ãàëèëåÿ L ñîñòîèò èç äðîáíî-
ëèíåéíûõ ïðåîáðàçîâàíèé

z 7→ z · g =
az + b

bz + a
, aa− bb = 1, a, b ∈ Λ. (2)

Îíà ñîõðàíÿåò ìåðó

dµ(z) =
dx dy

(1− x2)2
.

Ìàòðèöû

g =

(
a b

b a

)
, aa− bb = 1,

ñîîòâåòñòâóþùèå ïðåîáðàçîâàíèÿì (2), îáðàçóþò ãðóïïó SU(1, 1; Λ). Îáîçíà÷èì
a = α+jp, b = β+jq. Óñëîâèå aa−bb = 1 ðàâíîñèëüíî òîìó, ÷òî α2−β2 = 1, òàê
÷òî α2 > 1, ò. å. α > 1 èëè α 6 −1. Ñëåäîâàòåëüíî, ãðóïïà SU(1, 1; Λ) ñîñòîèò
èç äâóõ ñâÿçíûõ êóñêîâ. Ãðóïïà G èçîìîðôíà ñâÿçíîé êîìïîíåíòå åäèíèöû
ãðóïïû SU(1, 1; Λ). Ýòà êîìïîíåíòà ñîñòîèò èç ìàòðèö g ñ óñëîâèåì α > 1.
Äëÿ íåå ìû ñîõðàíèì îáîçíà÷åíèå G. Ïàðàìåòðû α è β ìàòðèöû g ∈ G ìîæíî
çàïèñàòü â âèäå α = ch t è β = sh t, ãäå t ∈ R. Ñëåäîâàòåëüíî, âñÿêóþ ìàòðèöó
g ∈ G ìîæíî çàïèñàòü â âèäå

g =

(
ch t sh t
sh t ch t

)
+ j

(
p q
−q −p

)
. (3)

Ñòàöèîíàðíîé ïîäãðóïïîé òî÷êè z = 0 ñëóæèò ïîäãðóïïà K, ñîñòîÿùàÿ èç
äèàãîíàëüíûõ ìàòðèö:

k =

(
1 + jp 0

0 1− jp

)
, (4)

òàê ÷òî L = G/K.

Íàïîìíèì [1] íåêîòîðûå ñâåäåíèÿ î ïðåäñòàâëåíèÿõ ãðóïïûG. Ïðåäñòàâëåíèå
Tσ, σ ∈ C, äåéñòâóåò â ïðîñòðàíñòâå D(R) ôèíèòíûõ ôóíêöèé ϕ(s) íà R êëàññà
C∞ ïî ôîðìóëå

(Tσ(g)ϕ) (s) = ϕ(s+ t) · exp {σ[−p sh(2s+ t) + q ch(2s+ t)]} ,
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ãäå t, p, q � ïàðàìåòðû ýëåìåíòà g, ñì. (3). Â ÷àñòíîñòè, äëÿ k ∈ K, ñì. (4), ìû
èìååì

(Tσ(k)ϕ) (s) = ϕ(s) · exp(−σp sh 2s), (5)

Ýðìèòîâà ôîðìà (ñêàëÿðíîå ïðîèçâåäåíèå èç L2(R, ds))

〈ψ, ϕ〉R =

∫ ∞
−∞

ψ(s)ϕ(s) ds

èíâàðèàíòíà îòíîñèòåëüíî ïàðû (Tσ, T−σ), òî åñòü

〈Tσ(g)ψ, ϕ〉R = 〈ψ, T−σ(g−1)ϕ〉R , (6)

òàê ÷òî äëÿ ÷èñòî ìíèìûõ σ ïðåäñòàâëåíèå Tσ óíèòàðèçóåìî.
Ñ ïîìîùüþ (6) ïðåäñòàâëåíèå Tσ ðàñïðîñòðàíÿåòñÿ íà ïðîñòðàíñòâî D′(R)

îáîáùåííûõ ôóíêöèé F íà R.

Ïóñòü λ, ν ∈ C. Êàíîíè÷åñêîå ïðåäñòàâëåíèå Rλ,ν ãðóïïû G äåéñòâóåò â
ïðîñòðàíñòâå D(L) ôèíèòíûõ ôóíêöèé f(z) íà L êëàññà C∞ ïî ôîðìóëå

(Rλ(g)f) (z) = f(z · g) (bz + a)−2λ−4,ν

= f(z · g) (β x+ α)−2λ−4 exp

(
ν
qx+ βy − p
β x+ α

)
.

Â ïðåäûäóùåé ðàáîòå [3] ìû ðàññìàòðèâàëè ñëó÷àé ν = 0. Ïðè λ = −2, ν = 0
ýòî ïðåäñòàâëåíèå ñòàíîâèòñÿ êâàçèðåãóëÿðíûì ïðåäñòàâëåíèåì, ñì. [2].

Ýðìèòîâà ôîðìà

〈f, h〉L =

∫
L
f(z)h(z) dx dy , z = x+ jy,

èíâàðèàíòíà îòíîñèòåëüíî ïàðû (Rλ,ν , R−λ−2,−ν ):

〈Rλ,ν(g)f, h〉L = 〈f, R−λ−2,−ν(g
−1)h〉L.

Ýòî ïîçâîëÿåò ðàñïðîñòðàíèòü ïðåäñòàâëåíèåRλ íà ïðîñòðàíñòâîD′(L) îáîáùåííûõ
ôóíêöèé íà Λ ñ íîñèòåëÿìè â L, â ÷àñòíîñòè, íà ïðîñòðàíñòâî îáîáùåííûõ
ôóíêöèé, ñîñðåäîòî÷åííûõ íà âåðòèêàëüíûõ ïðÿìûõ x = ±1. Ïîëó÷àþùèåñÿ
òàêèì îáðàçîì ãðàíè÷íûå ïðåäñòàâëåíèÿ ðàñêëàäûâàþòñÿ ïî ïðåäñòàâëåíèÿì
åùå îäíîé ñåðèè ïðåäñòàâëåíèé ãðóïïû G, îïèñàííîé â [1]. Îíè íå ó÷àñòâóþò
â ðàçëîæåíèè êàíîíè÷åñêèõ ïðåäñòàâëåíèé Rλ íà D(L). Ïðè÷èíà ýòîãî ñîñòîèò

â òîì, ÷òî äëÿ ôóíêöèè ϕ ∈ D(R) åå ïðåîáðàçîâàíèå Ïóàññîíà
(
P

(ν)
λ,σ ϕ

)
(z), ñì.

íèæå, èìååò íîñèòåëü, ëåæàùèé â ïîëîñå, áîëåå óçêîé, ÷åì L (â ïîëîñå |x| < 1−
ε < 1), ïîýòîìó èìååò íóëåâóþ àñèìïòîòèêó ïðè |x| → 1. Ïîýòîìó â íàñòîÿùåé
ñòàòüå, êàê è â [3], ìû íå áóäåì ðàññìàòðèâàòü ãðàíè÷íûå ïðåäñòàâëåíèÿ.
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Íàéäåì îáîáùåííûå ôóíêöèè θ íà R, ñîáñòâåííûå äëÿ ïîäãðóïïû K, ñì.
(4):

Tσ(k) θ = exp(νp) · θ. (7)

Èç (5) è (7) ìû ïîëó÷àåì

[exp(−σp sh 2s)− exp(νp)] · θ(s) = 0.

Îòñþäà ñëåäóåò, ÷òî èñêîìàÿ îáîáùåííàÿ ôóíêöèÿ � ýòî äåëüòà-ôóíêöèÿ

θσ,ν(s) = δ(s− s0),

ãäå

sh 2s0 = −ν
σ
.

Ñëåäîâàòåëüíî, îòíîøåíèå ν/σ äîëæíî áûòü âåùåñòâåííûì ÷èñëîì.
Ýòà îáîáùåííàÿ ôóíêöèÿ ïîðîæäàåò ÿäðî Ïóàññîíà � ñëåäóþùèì îáðàçîì.

Ýëåìåíò

gz =
1√

1− x2

(
1 z
z 1

)
èç G ïåðåâîäèò òî÷êó 0 â òî÷êó z. ßäðî Ïóàññîíà îïðåäåëÿåòñÿ ôîðìóëîé

P
(ν)
λ,σ (z, s) =

(
Tσ(g−1

z ) θσ,ν
)

(s),

îíî åñòü

P
(ν)
λ,σ (z, s) = δ(s− ξ − s0) exp

{
σ

y

1− x2
(A+Bx)

}
,

ãäå z = x+ jy, x = th ξ è äëÿ êðàòêîñòè ìû îáîçíà÷èëè A = ch 2s0, B = sh 2s0.

ßäðî Ïóàññîíà ïîðîæäàåò äâà ïðåîáðàçîâàíèÿ � ïðåîáðàçîâàíèå Ïóàññîíà
P

(ν)
λ,σ : D(R)→ C∞(L) è ïðåîáðàçîâàíèå Ôóðüå F

(ν)
λ,σ : D(L)→ D(R), ñâÿçàííûå ñ

êàíîíè÷åñêèì ïðåäñòàâëåíèåì Rλ,ν . À èìåííî,(
P

(ν)
λ,σ ϕ

)
(z) = (1− x2)−λ−2ϕ(s0 + ξ) exp

{
σ

y

1− x2
(A+Bx)

}
,(

F
(ν)
λ,σ f

)
(s) = (1− c2)λ+1

∫ ∞
−∞

f(c+ iu) exp

{
σ

u

1− c2
(A+Bx)

}
du,

ãäå x = th ξ, c = th (s− s0).
Ïðåîáðàçîâàíèå Ïóàññîíà ñïëåòàåò T−σ ñRλ,ν , à ïðåîáðàçîâàíèå Ôóðüå ñïëåòàåò

Rλ,ν ñ Tσ:

Rλ,ν(g)P
(ν)
λ,σ = P

(ν)
λ,σ T−σ(g),

F
(ν)
λ,σ Rλ,ν(g) = Tσ(g)F

(ν)
λ,σ ,

ãäå g ∈ G. Ïðåîáðàçîâàíèÿ Ïóàññîíà è Ôóðüå ñîïðÿæåíû äðóã äðóãó:

〈P (ν)
−λ−2,σ ϕ, f〉L = 〈ϕ, F (ν)

λ,σ
f〉R.
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Òåîðåìà 1 Ïóñòü ν è σ � ÷èñòî ìíèìûå ÷èñëà: ν = iτ è σ = iρ, çäåñü i =
√
−1

� êîìïëåêñíîå ÷èñëî, τ è ρ � âåùåñòâåííûå ÷èñëà. Êàíîíè÷åñêîå ïðåäñòàâëåíèå
Rλ,iτ ãðóïïû G â ïðîñòðàíñòâå D(L) ðàçëàãàåòñÿ ïî ïðåäñòàâëåíèÿì Tiρ ñ
êðàòíîñòüþ åäèíèöà ñëåäóþùèì îáðàçîì. Ñîïîñòàâèì ôóíêöèè f ∈ D(L)

ñîâîêóïíîñòü åå êîìïîíåíò Ôóðüå F
(iτ)
λ,iρ f , ρ ∈ R. Ýòî ñîîòâåòñòâèå G-ýêâèâà-

ðèàíòíî. Èìååò ìåñòî ôîðìóëà îáðàùåíèÿ:

f =
1

2π

∫ ∞
−∞

√
1 + (τ/ρ)2 P

(−iτ)
λ,−iρ F

(iτ)
λ,iρ f dρ.
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Yu. V. Dunin. Canonical representations for the Lobachevsky�Galilei plane

For the Lobachevsky�Galilei plane, we introduce canonical representations induced by

characters of the multiplicative group of the algebra of dual numbers, and decompose

them into irreducible constituents
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